The first design for a mid-infrared quantum cascade laser was proposed almost five years ago [1] . Early quantum cascade lasers were based on a triple quantum well structure, with one energy level localised in each well. Radiative transitions in these structures were diagonal, or interwell, between the third and second energy levels [2, 3] . Later designs with a double quantum well structure have vertical, or intrawell, radiative transitions [4, 5] , with the initial and final states localised in the same well. The two different types of radiative transition are shown in Figure 1 .
One advantage of a vertical radiative transition is that carrier scattering by randomly spaced Al atoms in the barrier region is reduced, resulting in a narrower gain spectrum, and therefore a lower threshold current [6] . However, there is a strong spatial overlap of the wavefunctions associated with the initial and final states, which leads to an increase in the electron-LO phonon transition rate [7] . On the other hand, the triple well structure, in which the radiative transition is diagonal, has the advantage that it is much easier to design a structure with one energy level localised in each well. Diagonal transitions also increase the non-radiative lifetime of the excited state [8] .
Thus, there are advantages associated with both diagonal and vertical radiative transitions but, to the best of our knowledge, there has been no published comparison of the internal quantum efficiencies of each mechanism in a quantum cascade laser. This paper presents the results of calculations of the quantum efficiency of the radiative transition for quantum cascade lasers operating in both the mid-and far-infrared frequency ranges for both diagonal and vertical transitions. were found by numerical solution of the Schrödinger equation [9] ; figure 2 shows the results for the far-infrared structure. Electron-LO phonon (e-LO) and electron-electron (e-e) [9, 10] transition rates were then calculated using Fermi's Golden Rule, with the calculation of the e-e rates including exchange and Pauli Exclusion effects [11] . Radiative lifetimes were calculated using the approach of Smet [12] . A carrier density of 1 £ 10 11 cm ¢ 2 was used, which is a doping density typically found in mid-infrared devices [13] and bulk phonon modes were assumed [14] .
The far-infrared structure had an initial barrier width L of 56.5Å. It was then reduced by two monolayer intervals (5.65Å) to L=0, where the structure became a single quantum well -i.e., transitions were vertical. The initial state well width l w was adjusted so that the energy separation between the two levels ∆E 21 remained constant at 20 meV At a temperature of 4 K the e-LO transition rate in the far-infrared device is negligible since ∆E 21 is below the LO phonon energy. At 300 K thermal broadening of the upper subband makes e-LO transitions from subband 2 to subband 1 possible, even though the energy seperation between subbands is less than the LO phonon energy [15] . Consequently, e-LO scattering is the dominant non-radiative process in both the mid-infrared and far-infrared devices at 300K. The electron-LO phonon transition rate as a function of barrier width for the far-infrared devices at 300K is shown in Figure 3 . The slight decrease in the e-LO rate at L=0 is because ∆E 21 varies within ¤ 1 meV as L changes. For the far-infrared devices, even though ∆E 21 is less than the LO phonon energy, the e-LO transition rate is almost a factor of 2 greater than the e-e transition rate for small barrier widths. However, for the mid-infrared devices ∆E 21 is greater than the LO phonon energy, and the e-LO transition rate for the L=0 structure is an order of magnitude greater than the e-e transition rate.
The radiative transition rates in the far-infrared devices at a temperature of 300 K is also shown in Figure 3 . The radiative transition rates are much higher when the barrier widths are small; i.e. the radiative transition rates are higher for vertical transitions than diagonal transitions. The same trend is observed at all temperatures. For the mid-infrared devices the radiative lifetimes are less strongly dependent on barrier width: the radiative lifetime for vertical transitions is about 25% of that for diagonal transitions.
The quantum efficiencies of both structures were calculated for a range of barrier widths at temperatures of 4 K, 80 K, 150 K, 220 K and 300 K using
where 1/τ r and 1/τ nr are the total radiative and non-radiative transition rates respectively. As can be seen in Figure 3 , the radiative transition rate 1/τ r is several orders of magnitude less than the non-radiative transition rate 1/τ nr , hence η© τ nr τ r . This is a general result for intersubband transitions. The total non-radiative rate 1/τ nr is given by
where 1
τ LO is the electron-LO phonon transition rate and 1 τ ee is the electron-electron transition rate. 1 τ ee is the sum of all possible intersubband e-e rates, 22 11, 22 21 and 21 11. For subband separations below the LO phonon energy the electron-electron scattering rate can be of a similar magnitude to the LO phonon emission rate. However, in other cases it is small in comparison and can be neglected from the quantum efficiency calculation. The quantum efficiencies for the far-infrared structures for a range of temperatures between 4 K and 300 K is shown in Figure 4 .
The internal quantum efficiency reaches a maximum at a barrier width of L=0 for all temperatures;
i.e. vertical, or intrawell, radiative transitions are the most efficient. This is because the radiative lifetime is lowest when L=0 and, even though the non-radiative rates are maximised for vertical transitions, the radiative transition rate is more strongly dependent on L than the non-radiative rate.
The maximum quantum efficiency at a temperature of 4 K is a factor of 3 greater than that at 300 K, as the e-LO transition rate in the far-infrared devices is negligible at T =4 K. At T =300 K the quantum efficiency reaches a minimum at a barrier width of 22.6Å, and then increases again with L. This is due to the strong decrease in phonon scattering with increasing L (shown in Fig. 3 ). The effect is not observed at lower temperatures because the non-radiative rates are dominated by e-e scattering, which shows a much weaker dependence on L.
The quantum efficiency of the mid-infrared radiative transition as a function of barrier width is shown in Figure 5 . The quantum efficiency has only a weak temperature dependence because the e-LO scattering for these devices is dominant throughout the temperature range. The maximum quantum efficiency at T =300 K is about 80% of that at T =4 K. Electron-LO phonon transition rates are only weakly dependent on temperature in the mid-infrared frequency range because ∆E 21 is above the LO phonon energy. In contrast to the results obtained for the far-infrared devices, in the mid-infrared systems the quantum efficiency is highest for diagonal radiative transitions and reaches a minimum at L=0, where the radiative transitions are vertical. This is because the non-radiative transition rates increase strongly as the barrier width is reduced, whilst the radiative lifetime has a much weaker dependence on L.
In conclusion, calculations of quantum efficiency in mid-and far-infrared intersubband devices have shown that quantum efficiency is a maximum for diagonal, or interwell, radiative transitions in the mid-infrared devices and for vertical, or intrawell, radiative transitions in the far-infrared devices. 
